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Abstract

This paper investigates the implementation of a functional language algorithm for

the divide-and-conquer Delaunay triangulation. The global aim is to improve its perfor-

mance. Up to now it is not available an algorithm that can build the Delaunay triangu-

lation for n points, with non-uniform distribution, with time complexity lower than

O(n logn). With this purpose an improved algorithm in C by Geoff Leach was selected,

this algorithm improved the Guibas–Stolfi algorithm by a factor of 4–5. The program-

ming language selected was OCaml—Objective Categorical Abstract Machine Lan-

guage, taking as a base the good results obtained in other computational

mathematics research works. The expectation is that the code written in OCaml can

solve the triangulation in less time and more efficiently than the C written code.
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1. Introduction

In the simulation of a variety of physical phenomena (solid mechanics, fluid

mechanics, thermal analysis, electromagnetism, electrostatics, etc . . .) defined in

terms of partial differential equations (pde�s), a numerical solution can be ob-

tained through the use of finite element methods. The essence of this method is
the decomposition of the dominion of interest in small parts called elements

and on top of them to compute the calculation of desired values, the electric

and magnetic fields, pressure, and temperature among others.

This decomposition process is called preprocessing. It is a phase where a lot

of time can be spent, a mesh of well-posed elements must be produced other-

wise one could have the risk to obtain physical simulation results that could be

very different of practical results, as demonstrated by [9].

Abstracting geometrical properties from the mesh physical properties and
taking the first in consideration, quality is a factor that is associated with infor-

mation that is associated to elements nature and topology (triangle, quadrilat-

eral, tetrahedron, heptahedron and hexahedron) up to the asymptotic order of

mesh generation algorithms. The work of Shewchuk [7] elects the triangle as

the ideal polygon to represent the elements in a mesh and the Delaunay trian-

gulation—also known as Delaunay diagram—based in divide-and-conquer, as

the more efficient and fastest algorithm regarding the computational time and

space requirements given respectively by O(n logn) and O(n).
Mesh generation is a complex and iterative task. In [7], this task is organized

in a four stages sequence where the output of one stage is the input of next

stage. The first stage consists in finding the Delaunay triangulation of the ver-

tices of a set of straight-line segments (of the considered geometric dominion)

that does not cross each other, except in their extremities—PSLG (planar

straight line graph). The second stage makes some adjustments in the triangu-

lation obtained in the previous stage. The third stage removes triangles from

concavities and holes. The last stage refines the mesh inserting additional ver-
tices up to the point that the quality restrictions related to each triangle is

satisfied.

It is not available yet a generic algorithm that builds the Delaunay triangu-

lation for a set of n points, with time complexity lower than O(n logn) for the

worst case, unless they are uniformly distributed in the unitary quadrilateral

area, as made by [3], this paper investigates the implementation of a functional

language divide-and-conquer Delaunay triangulation algorithm with the aim

of improvement in its performance when processed through a functional lan-
guage. The algorithm implemented in C by Geoff Leach [4] was selected. After

comparison with the Guibas–Stolfi algorithm it showed an improvement in

performance by 4–5. The OCaml [5] language was selected due to its innovative

characteristics. The expectation is that the code written in OCaml can make the

triangulation in less time and/or can be more robust than the C written code.
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2. The importance of the Delaunay triangulation

Similarly to the integration techniques when segmenting an area under a

curve produced by a function, the triangulation split the internal region of a

polygon. In the integral, the fragments are rectangles or trapeziums; in the tri-

angulation, the fragments are triangles.
In order to decompose a polygon it should have more than three vertices, or

it has to have at least one diagonal. Therefore, the polygon will be partitioned

in triangles by the addition of one or more diagonals. O�Rourke presents a

property, under the disguise of a theorem, that quantifies the number of diag-

onals and triangles after the triangulation:

Theorem 1. Every triangulation of a polygon P with n vertices makes the use of

n � 3 diagonals and consists of n � 2 triangles.

With another perspective, if the input for a triangulation algorithm and for

a set of points in the plane (Fig. 1), the amount of triangles and edges is given

by the following theorem, extracted from [1].

Theorem 2. Let us assume a set P of n points in a plane, not all collinear, and k the

number of points in P that are over the boundary of the convex edges of P. Then, in

any triangulation of P can be found 2n � 2 � k triangles and 3n � 3 edges.

In fact, these properties are very useful. However, what is the importance of

Delaunay triangulation for mesh generation? Firstly, all the polygons that de-

scribe objects in real world have irregular format and regions belonging to var-

ious dominions of interest. Therefore, one of the tasks of triangulation is to

fragment every domain in triangles, as a first step to the partitioning process.

Secondly, the Delaunay triangulation contribute for the quality of the final
Fig. 1. Triangulation of a set of points in a plane [1].
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mesh, becoming clear that for a given set of vertices, it maximizes the minimum

angle among all the possible ways to triangulate that set of vertices [8].

2.1. Delaunay triangulation algorithm complexity

Before the specific discussion of the divide-and-conquer algorithm, a brief
citation of the known algorithms will be made, highlighting only the order

of asymptotic complexity and the level of implementation difficulty. Detailed

explanation on the subject can be found in computational geometry texts.

The triangulation complexity of the five more known methods are: Brute force

where the complexity is O(n2) and implementation is trivial, Gift-wrapping

where the complexity is O(n logn) and implementation is relatively trivial,

Incremental where the complexity is O(n logn) and implementation is relatively

trivial, Sweep line where the complexity is O(n logn) and implementation is rel-
atively trivial and Divide and conquer where the complexity is O(n logn) and

implementation is complex, apart from the last algorithm it can be seen that

two of them also have complexity O(n logn), however, in experiments made

by Shewchuk [7] they presented poorer performance when compared with

the divide-and-conquer algorithm.

2.2. The divide-and-conquer algorithm

In 1975, Shamos and Hoey presented to the scientific community the first

algorithm based on divide-and-conquer in time O(n logn) to build Voronoi dia-

grams—a dual form of the Delaunay diagram. However, only in 1977 Prepa-

rata and Hong applied the technique for the first time to the problem of a

convex hull. Analog to the ‘‘mergesort’’ algorithm, its essence is the division

of the problem in two parts approximately identical, to solve each one recur-

sively and to create a complete solution by the junction of the two half solu-

tions. When the recurrence reduce the original problem in small sub
problems, they normally become easy to solve. This algorithm is theoretically

important, since it has complexity asymptotically to the optimum, but is diffi-

cult to implement and, for this reason, seems not to be used as frequently as the

slower algorithms. O�Rourke, as an example, preferred the implementation of

the incremental algorithm in his book Computational Geometry in C. The

sketch of the divide-and-conquer algorithm follows the simple rules below:

1. The points are ordered along the x-axis.
2. If three or less points exist, the Delaunay triangulation will be built directly.

In the opposite case, the points are divided by a perpendicular line parallel

to x-axis in two sets approximately identical, the step 2 is recursively applied

to build the Delaunay triangulation for both sets, and the results are

merged.
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2.3. The divide-and-conquer algorithm by Dwyer

A modification in the Guibas–Stolfi algorithm was presented in [3], this

change was made to compute the Delaunay triangulation for n points in a

plane. Using as input points uniformly distributed in an unitary square,

this change reduced the expected time for the worst case from O(n logn) to
O(n log logn). As for the results with non-uniform distribution, the author said

not to be able to conclude anything without a further research.

2.4. Improvements made in the Guibas–Stolfi algorithm

Leach included eight versions of improvements to the Guibas–Stolfi divide-

and-conquer algorithm. His efforts where focused in time measurement tests

using one million points with aleatory distribution in the unitary square and
with detailed statistics provided by the gprof of the UNIX operational system.

The four more significant improvements focused the predicates InCircle and

Valid. The predicate InCircle (A, B, C, D) define if the point D is in the interior,

outside or in the circle formed by points ABC. The predicate Valid (e) tests if

the edge e is above a given edge or not. The improvements in these predicates

increased the original algorithm speed by a factor of 4–5. The details can be

obtained in [4], since it is not the objective of this paper to discuss these aspects.
3. The objective Caml language

Objective Caml (OCaml) is a very recent language that takes his place in the

history of programming languages as a distant descendent of Lisp, it was able

to describe lessons to its cousins when incorporating main characteristics of

other languages. ‘‘OCaml’’ is an acronym for ‘‘Objective Categorical Abstract

Machine Language’’. It is an abstract machine designed by INRIA 1 to define
and to execute functions. OCaml is a dialect of ML (Meta-Language) language

family derived from the ML classical language designed by Robin Milner, in

1975, to the theorem proof machine LCF (Logic of Computable Functions).

The ML languages are semi-functional: the programming style is functional,

however it includes value attribution to identifiers and lateral effect. At the

functional programming, a program is a function applied to its arguments. It

computes a result that is returned, when the calculation has finished, as a pro-

gram output. In this way, the program combination happen by function com-
position [2], or in other words, the program output changes from an input
1 Institut National de Recherche en Informatique et Automatique (National Institute for

Research in Automation and Information Technology).
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argument to another. Going further, we will describe the language aspects that
we assume to be more relevant:

• Static verification of type. The compiler develops compatibility checks

among formal and real parameter types during the compilation time.

• Type inference. The programmer does not need of any information of type.

This inference occurs along verification during the program compilation.

Fig. 4 shows the code of a function that implements recursively the multipli-

cation of integers. The word ‘‘val’’ indicates that the compiler evaluated the
function and its signature inferred from two integer arguments as input and

one integer as output.

• Polymorphic system. It is possible to write programs that work for any type

of values, being basic as with integers and floating point numbers, Boolean,

characters, and strings or sophisticated sequences as tuples, arrays, lists sets,

queues, etc . . .
• Automatic memory management. The allocation and non-allocation of data

structure is controlled by the compiler in an implicit and parallel form. All
of this is done without the use of common C language primitives (‘‘new’’,

‘‘malloc’’ and ‘‘free’’) and without the need to stop the program while the

‘‘garbage collection’’ mechanism is working.

• Three forms of execution. In the iterative mode, the users writes expressions

in OCaml that starts with the symbol (#) and are finished with a double

point with comma (;;). The interpreter evaluates the expression and prints

its signature, as shown in Fig. 2. The compiled mode for bytecodes produces

an independent executable code from the machine real architecture where it
is running. The compiled mode for native code generates a high performance

code, but only for the architecture where it has been compiled.
4. Implementation details

The fundamentally recursive algorithm efficiency, as an example, the ones

that implement ordering and search (mergesort, binary three) is credited, par-

tially, to the structure employed to do data representation. In languages of

imperative paradigm, it is usual the use of pointers in order to obtain fast
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access to the mentioned data structure elements. However, in functional lan-

guages, even that structures that allows the imperative programming style as

OCaml, it is not natural the use of pointers, since they have the tendency to

produce important collateral effects. The recommendation is that the algorithm

of the problem to be solved should be conceived abstractly and implemented

using functional style. In a certain way, this implies in the adjustment of all
instructions and identifiers to typical list operations. For problems of little

or moderate complexity, the task can be fun. However with high complexity

problems, in general with specification involving a long number of instructions

the task can be exhaustive and can have a frustrating end.

In the case of rewriting the triangulation program through the divide and

conquer algorithm based in the important Guibas–Stolfi algorithm, we insisted

on not abdicating the imperative style for some reasons: (i) to be sure of the

morphologic correspondence between codes to facilitate its depuration in case
of errors; (ii) our research does not have as an aim to practice with the func-

tional programming style; (iii) our interest is to evaluate the performance pro-

vided by OCaml and also to learn how to represent in this language the

pointers structure in a way that needs to be simple, secure and with the same

skillfulness found in imperative languages as C and Pascal.

4.1. Data structure

In the C written original program, dynamic memory allocation is used,

structures point and edge are defined as described in Fig. 3. The identifier p_ar-

ray is a concatenated listing containing the input points for the triangulation;

free_list_e controls the edge allocation as soon they are created or removed.

Before deriving the structure of Fig. 4 and rewrite the program in OCaml,

numerous tests were made having the objective to obtain the data type

(OCaml) where could be made all the typical operations of pointers. The Table

2 presents the correspondence between pointers in C and OCaml having as a
base in extension made to the types defined by Pierre Weis in [10].

The version in OCaml of the triangulation program in the terms of examples

presented in Table 1 give the same results than the C version, noting that in
Fig. 3. Data structure for triangulation in C.



Fig. 4. Data structure for triangulation in OCaml.

Table 1

Explicit pointers in C translated to OCaml

Instructions in C Instructions in OCaml

int k; let k = ref 0

int m; and m = ref 0

int *ptr; and ptr = ref (new_pointer (ref 0))

int *ptr2; and ptr2 = ref (new_pointer (ref 0))

int **q; and q = ref (new_pointer (ref

(new_pointer (ref 0)))) in

ptr = & k; ptr:=new_pointer k;

ptr2 = & k; ptr2 :¼ new_pointer k;

k = 1; k :¼ 1;

m = 2; m :¼ 2;

ptr2 = &m; ptr2 :¼ new_pointer m;
*ptr = 7; !^(!ptr) :¼ 7;

ptr2 = ptr; ptr2 :¼ !ptr;
*ptr2 = 8; !^(!ptr) :¼ 8;

q = &p; q :¼ new_pointer p;
**q = 100; (!^(!(!^(!q)))):=100;
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some cases of lack of numerical robustness, that the program written in func-

tional language was more stable. However, the codification was cumbersome,



Fig. 5. Piece of code from the function delete_edge in C.

Fig. 6. Piece of code for function delete_edge in OCaml based in [10].
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as can be observed from the source-code for the function delete_edge written in

C (Fig. 5) and in OCaml (a small alteration was made in the pointer represen-

tation in order to include the Nil constant, with operators ‘‘!!’’ and ‘‘^=’’ that
are equivalent, respectively, to ‘‘!’’ and ‘‘:=’’), as can be seen in Fig. 6.

Therefore, due the notational prolixity of program in OCaml, the structures

of point and edge previously shown in Fig. 4 were modified to the form shown

in Fig. 7, and the code for all functions changed, as exemplified in Fig. 8.
5. Experimental results

Table 2 shows results for the experiments made. During implementation, the

software used was the compiler ocamlopt for the OCaml version 3.07 and the



Fig. 7. Data structure (simplified) for the triangulation in OCaml.

Fig. 8. Piece of code (simplified) for the function delete_edge in OCaml.

Table 2

Results for the triangulation by divide-and-conquer using a PC with a 1.13 GHz Pentium III

processor, 128 MB of RAM memory and 256 kB of cache memory under Windows

Input data Processing time (in seconds)

Archive

name

Number

of points

Archive

reading

Ordenation Triangulation Plotting

C OCaml C OCaml C OCaml C OCaml

b10000.node 10.000 0.00 3.52 0.06 0.00 0.05 0.16 0.50 0.99

b100000.node 100.000 0.55 31.14 0.11 0.39 1.10 2.58 5.11 9.45

b1000000.node 1.000.000 14.61 433.58 2.14 7.58 16.26 98.92 56.63 113.36
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Fig. 9. Visual results of triangulations performed in versions C and Ocaml.
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IDE from Borland C++ Builder version 1.0. The data from polygons and cloud

of points are obtained from text-archives and latter ordered by the x-axis

through the known method mergesort.

It is important to highlight that all the results should be analyzed under dif-

ferent aspects. In the case of the content of archives b10000.node, b100000.node

and b1000000.node, it is important to consider aspects referred to time process-
ing. The version written in OCaml was less efficient in all three cases (ten thou-

sand, hundred thousand and a million of points). However, in the case of

content of tower.poly, circle.poly and mouth.poly it is interesting to evaluate as-

pects related to precision. As an example, in the triangulation of points con-

tained in circle.poly and mouth.poly, the results did not match. Tracing the

source code (in C and OCaml), it was found that, in the function merge, the

values for the identifier cot_r_cand, in the same point of iteration, were differ-

ent. What happened was that the version written in C failed in the computation
of scalar and vectorial products and, using standard precision of six decimal

places, making the value of cot_r_cand lower than the value of cot_l_cand.

After this, in a structure of type if-then-else to evaluate if the value of cot_r_-

cand was lower than the cot_l_cand, the program written in C followed a dif-

ferent path of the program written in OCaml. Similar facts happened also in



Table 3

Mathematical operations with floating point numbers in C and OCaml

Mathematical operation Result in C Result in OCaml
ffiffiffi

2
p

1.4142135381698608 1.4142135623730951*

p = acos(�1) 3.1415926535897931 3.1415926535897931

e = (1 + (1/x))x for x = 1,000,000 2.7182804690957534 2.7182804690957534

D_p_l_cand = dot_product_2v (0.0000000000000000,

�0.1204265073161450,0.0811250971963144,�0.1672641040204717)

0.0201430507004261 0.0201430318465498*

D_p_r_cand = dot_product_2v (�0.0811250971963144,

�0.1672641040204719,0.0000000000000000,�0.2141017007247985)

0.0358115434646606 0.0358115291409926*

C_p_l_cand = cross_product_2v (0.0000000000000000,

�0.1204265073161450,0.0811250971963144,�0.1672641040204717)

0.0097696194425225 0.0097696121110349*

C_p_r_cand = cross_product_2v (�0.0811250971963144,

�0.1672641040204719, 0.0000000000000000,�0.2141017007247985)

0.0173690374940634 0.0173690212811955*

cot_r_cand = d_p_r_cand/c_p_r_cand 2.0618035793304443 2.0618046671267440

cot_l_cand = d_p_l_cand/c_p_l_cand 2.0618050098419189 2.0618046671267414

* More precise result.
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other iterations. For this reason, divergence 2 was shown in the triangulation of

the circle and the mouth, as visually presented in Fig. 9.

5.1. Samples of numerical robustness by OCaml

The activity to find algorithms that produce better precision with less com-
putation is a research area for up to date mathematics called numerical analy-

sis. However, Table 3 expresses results of mathematical operations,

implemented in C and OCaml, without the increment of any technique to im-

prove precision. The six last cases illustrate one of the occurrences that causing

the disparity mentioned in Section 5, during the execution of merge procedure

of versions C and OCaml in the triangulation program.
6. Conclusions

As seen earlier, the numerical instability for the program in C by [4] to ex-

press floating-point numbers with high precision produced divergent results for

the triangulation of circle and the mouth. We had this occurrence due to the

fact that, algorithms that have its decisions based in geometrical tests fail when

the test produces false answers due to rounding errors. A solution for this

robustness problem is the use of exact arithmetic techniques as the ones de-
scribed in [6]. By other hand, they are very slow and can reduce the speed of

the application up to ten times. However, even without being prepared for ro-

bust computation techniques, the OCaml version showed to be more stable, but

less efficient than the version in C.

Another important conclusion is, under the observation of results obtained,

that the OCaml components distributed by INRIA, concerning the celerity

aspect, are in an evolution stage far behind the C language.
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